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Abstract
In this paper, the inhomogeneous damped nonlinear Schrödinger equation
(NLS) which describes wave propagation in plasmas is investigated. Based
on Husimi’s transformation and lens-type transformation, we reduce the
inhomogeneous NLS equation to the standard NLS equation and thus the bright
soliton solutions on a continuous wave (cw) background are constructed and
discussed. Besides, we also consider the inhomogeneous NLS equation with
different damping coefficients. Based on the perturbation theory for bright
solitons, the approximate bright soliton solutions for such an equation are
obtained, which are in good agreements with direct numerical simulations.

PACS numbers: 02.30.Jr, 05.45.Yv, 52.35.Mw

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The solution of the nonlinear Schrödinger equation in an inhomogeneous medium is of great
importance for investigating wave propagation in various types of physical situations such as
plasma physics, nonlinear optics, condensed matter [1–3] and so on. It is clear that wave
propagation in plasmas is strongly affected by both the nonlinearity and nonuniformity of
the medium, and it is interesting to ask whether the nonlinear density profile modification
can significantly change the wave-packet propagation in an inhomogeneous plasma, or more
fundamentally, whether the inhomogeneous plasma still supports solitons. To address these
questions, we present the analytic solutions of the NLS equation in a parabolic inhomogeneous
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plasma with collisional damping. The propagation of a very large wavelength, with a small
but finite amplitude electron plasma wave packet in a medium with a parabolic density and
constant collisional damping is governed by the following inhomogeneous NLS equation [4]:

iqt + qxx + 2|q|2q − (αx − β2x2)q + iβq = 0, (1)

where αx, β2x2 correspond to linear and parabolic density profiles, respectively, and the last
term iβq corresponds to damping (β > 0 is the damping coefficient). Equation (1) may serve
as a model for the tunnelling of solitons across density humps in a loss medium. The one-
soliton solutions of equation (1) were given through a reduction method [4] and two-soliton
solutions were given through the inverse scattering transform [5].

It is worth noting that, for the condition β = 0, equation (1) reduces to

iqt + qxx + (2|q|2 − αx)q = 0, (2)

which can be used to model Langmuir or electromagnetic wave propagation with a linear time-
independent density [6] and quasi-one-dimensional BEC in a time-dependent linear external
potential [8]. Equation (2) has been discussed in some papers [6, 7]. They employed Husimi’s
transformation to change the space variable from x to x ′ where x ′ = x − ξ(t). This x ′ is the
coordinate with respect to the moving origin ξ(t). Later, ξ(t) will be taken as the centre of
mass of the soliton and equation (2) can be reduced to the well-known standard NLS equation.
Then the N-soliton solution can be easily constructed.

For the condition α = 0, equation (1) reduces to

iqt + qxx + (2|q|2 + β2x2)q + iβq = 0. (3)

In this case, the quantity
∫ ∞
∞ |q(x, t)|2 dx will decay exponentially as e−2βt due to the

collisional damping. One may employ a lens-type transformation [9, 10] to eliminate the
x2 term and reduces equation (3) to the NLS equation without explicit spatial dependence.

In this paper, based on Husimi’s transformation and lens-type transformation, we reduce
equation (1) to the standard NLS equation. Then we easily get the soliton solutions for
equation (1) because the standard NLS equation is well studied and many solutions have been
obtained. What is more, we also investigate the inhomogeneous NLS equation with different
damping coefficients based on the perturbation theory for bright solitons.

2. Reduction to the standard NLS equation

In this section, we use Husimi’s transformation and lens-type transformation to reduce
equation (1) to the standard NLS equation. To obtain the bright soliton solutions for
equation (1), we use the following ansatz

q(x, t) = �−1exp

[
i

(
gx2 + f x +

∫ t

0
f 2 dt

)]
u(X, T ), (4)

where f, g are real functions of time t, X = x−ξ(t)

�(t)
and T = T (t). In fact, when ξ(t) = 0 and

f = 0, the ansatz is just the lens-type transformation, while for �(t) = 1 and g = 0 the ansatz
is Husimi’s transformation.

By demanding that

gt + 4g2 − β2 = 0, (5)

ft + 4fg + α = 0, (6)

lt − 4gl = 0, (7)

Tt − �−2 = 0, (8)
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ξt − 2f − 4gξ = 0, (9)

we convert equation (1) to

iuT + uXX + 2|u|2u = iε(t)u, (10)

where ε = (2g − β)�2.
From the expression for ε, we can clearly see that if β = 2g, equation (10) can be

reduced to the standard NLS equation. That is to say, equation (1) is integrable when β = 2g.
Besides, we can also conclude that the linear density profile α does not affect the integrability
of equation (1), so α can be time dependent. But β must be a constant, because if β is time
dependant, then from equation (5) we have β �= 2g, then we cannot retrieve the standard NLS
equation. In the following, we view β as a constant and g = β

2 ; thus we retrieve the standard
NLS equation

iuT + uXX + 2|u|2u = 0, (11)

which has been well studied and various theoretical solutions have been obtained, including
the Jacobian elliptic function solutions, N-bright soliton solutions and bright soliton solutions
propagate on a cw background [11]. In this paper, we only focus on the bright one-soliton
solution

u(X, T ) = η sech[η(X − 2vT )] exp[i(vX + (η2 − v2)T )] (12)

and the bright soliton solution propagates on a cw background

u(X, T ) = exp(2ia2T )

[
a + b

b cos(cT ) + iν sin(cT )

ν cosh(bX) + 2a cos(cT )

]
, (13)

where η, v, b are arbitrary constants, a is the cw background and c = bν = b
√

4a2 + b2. It
should be noted that, if we take the limit a → 0, solution (13) approaches to the bright soliton.
Then we regard this solution as the general type of bright soliton.

3. Bright soliton on a cw background

From the analysis in section 2, we have β = 2g. By solving equation (6)–(9), we
have � = e2βt , T = 1−exp(−4βt)

4β
, f = (−∫ t

0 α e2βt dt + C1
)

e−2βt , ξ = ∫ t

0

(−2
∫ t

0 α e2βt dt +

2C1
)

e−4βt dt+C2] e2βt . Thus the exact bright soliton solution on a cw background for equation
(1) can be easily derived by combining these solutions with the ansatz (4) and solution (13).

In order to understand the influence of the parameter α and β on the dynamics of bright
soliton on a cw background, we consider the linear density profile and parabolic density profile
separately in the following two cases.

3.1. Linear density cases

In this case, β = 0, so � = 1, T = t, f = −∫ t

0 α(t) dt + C1, ξ = −2
∫ t

0

∫ t

0 α(t ′) dt ′ dt + 2C1t

+ C2. The bright soliton solution on a cw background is

q(x, t) =
∣∣∣∣∣a + b

b cos(ct) + iν sin(ct)

ν cosh
[
b
(
x + 2

∫ t

0

∫ t

0 α(t ′) dt ′dt − 2C1t − C2
)]

+ 2a cos(ct)

∣∣∣∣∣. (14)

Solution (14) shows that, when compared with solitary wave solution of the standard NLS
equation, the main characteristics of the solution in the presence of linear density profile α(t)

are essentially the same except for the change of soliton velocities. The soliton velocity now
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(a) (b)

(c) (d )

Figure 1. Dynamics of bright solitons on a cw background in the presence of α(t) when
b = 2: (a) a = 0, α = 0.1, C1 = 1, C2 = 0, (b) a = 0, α = cos(t), C1 = 0, C2 = 2, (c)
a = 1, α = 0.1, C1 = 1, C2 = 0, (d) a = 1, α = cos(t), C1 = 0, C2 = 2.

is ẋ = 2C1 − 2
∫ t

0 α(t ′) dt ′. So if α is a constant, the trajectory of bright soliton will be a
parabola (figure 1(a) and (c)), while for α = cos(ωt), the trajectory of bright soliton will
become to oscillate with the period 2π

ω
(figure 1(b) and (d)).

It is also interesting to note that∫ ∞

−∞
[|q(x, t)|2 − |q(±∞, t)|2] dx = 2b, (15)

which is the exact energy of electron plasma wave in the bright soliton against the cw
background. This indicates that the energy of bright soliton remains invariant in the presence
of linear density profile α. In contrast, the quantity∫ ∞

−∞
|q(x, t) − q(±∞, t)|2 dx = 2b + abM cos(ct), (16)

where

M =
4arc tan

√
ν2+a cos(ct)
ν2−a cos(ct)

ν2 − a2 cos2(ct)
, (17)

shows that a time-periodic energy change is performed between the bright soliton and the cw
background. From this solution we can see that, in the case of zero background, there will be
no exchange of energy. However, in the case of a nonzero cw background, the exchange of
energy between the bright soliton and the cw background becomes quicker as c increases, as
shown in figure 2(a).
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Figure 2. Energy change between the bright soliton and the background when b = 1 and from the
top panel to the bottom the parameter a corresponds to 0, 1, 2: (a) the linear density profile, (b)
parabolic density profile. The solid lines correspond to β = 0.02 while dotted lines correspond to
β = 0.04.

(a) (b)

Figure 3. Dynamics of bright solitons on a cw background in the presence of β when
b = 2, β = 0.05, C2 = 1: (a) a = 0, (b) a = 1.

3.2. Parabolic density cases

In this case, α = 0. So � = e2βt , T = 1−exp(−4βt)

4β
. For simplicity we choose f = 0, so

ξ = C2 e2βt . The bright soliton solution on a cw background is

q(x, t) = e−2βt

∣∣∣∣∣a + b
b cos

(
c

1−exp(−4βt)

4β

)
+ iν sin

(
c

1−exp(−4βt)

4β

)
ν cosh[b(xe−2βt − C2)] + 2a cos

(
c

1−exp(−4βt)

4β

)
∣∣∣∣∣. (18)

From solution (18) we know that the parabolic density profile and damping term not only
change the soliton amplitude and cw background (as shown in figure 3) but also change
the soliton velocity. The soliton’s velocity is now ẋ = 2βC2 e2βt which means the soliton
accelerates in the nonuniform media. In addition, as opposed to the linear density profile, the
energy of the bright soliton in a parabolic density profile decays due to the damping term iβq:∫ ∞

−∞
[|q(x, t)|2 − |q(±∞, t)|2] dx = 2b e−2βt (19)
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Figure 4. Comparison between the theoretical solution (solid line) and direct numerical solution
(dotted line) when β = 0.05, (a) γ = 0.04, the three curves, from top to bottom, correspond to
t = 0, t = 10, t = 20, (b) evolution of bright soliton amplitude for different values of γ .

and the exchange between the bright soliton and the cw background becomes∫ ∞

−∞
|q(x, t) − q(±∞, t)|2 dx = [2b + abM ′ cos(ct)] e−2βt , (20)

where M ′ can be obtained by replacing t by 1−exp(−4βt)

4β
in equation (17). In the presence of

the damping term, the exchange of energy between the soliton and the cw background acts
almost the same as the linear density case, except the exchange amplitude decays due to the
collisional damping. As shown in figure 2(b), in the case of zero background, there will be
no exchange of energy, but the soliton energy will decay due to the damping term. However,
in the case of nonzero cw background, the exchange of energy between the bright soliton and
the cw background becomes quicker as c increases provided β remains constant. As for the
same value of c, the exchange becomes slower as β increases.

4. Inhomogeneous NLS equation with damping term iγq

In this section, as an extension to the above analysis, we consider the following inhomogeneous
NLS equation in a more general form:

iqt + qxx + 2|q|2q + β2x2q + iγ q = 0. (21)

Following the above analysis, we set the ansatz q(x, t) = �−1exp(igx2)u(X, T ) to reduce
equation (21) to

iuT + uXX + 2|u|2u = i(2g − γ )�2, (22)

where g = β

2 , � = e2βt , X = x e−2βt and T = 1−exp(−4βt)

4β
.

Obviously, for γ �= β, equation (21) is not integrable. But when β � 1, γ � 1, we can
take the right-hand side of equation (22) as a small perturbation. When this perturbation is
absent, equation (22) has a bright soliton solution (12). Then, according to the perturbation
theory for the bright soliton [12, 13], we know that the amplitude of the bright soliton of
equation (22) decays at a rate exp

[∫ T

0 2(β − γ )�2 dT
] = exp

[∫ t

0 2(β − γ ) dt
]
, while the

width increases at a rate exp
[∫ t

0 2(γ − β) dt
]
. So equation (21) has an approximate bright

soliton solution

|q(x, t)| = η e−2γ tsech[η e−2γ tx]. (23)
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In figure 4 we compare the time evolution of the approximate solution (23) to that of
the direct numerical solution of equation (21). The initial condition was chosen as
q(x, 0) = sech(x)exp

(
i β

2 x2
)
. Figure 4(a) shows the evolution of a bright soliton with damping

coefficient γ = 0.04. It should be emphasized that the approximate solution reveals excellent
agreement with the numerical solution. The soliton shape seems well preserved in time and
its amplitude decreases while its width increases. The time evolution of the soliton amplitude
for different values of γ is shown in figure 4(b). We can see even when γ increases, the
approximate solution also agrees quite well with the numerical one.

5. Conclusion

In conclusion, we have considered the damped and inhomogeneous NLS equation. First,
we reduced the inhomogeneous NLS equation to the standard NLS equation by employing
Husimi’s transformation and lens-type transformation, and then constructed the bright soliton
solution on a cw background. Especially, when the cw background approaches to zero, we get
a one-bright soliton solution. It should be noticed that, the transformation presented in this
paper can also be used to reduce the coupled inhomogeneous NLS equations:

iq1t + q1xx + 2(|q1|2 + |q2|2)q1 − (αx − β2x2)q1 = 0,

iq2t + q2xx + 2(|q1|2 + |q2|2)q2 − (αx − β2x2)q2 = 0

to the coupled homogeneous NLS equation:

iu1T + u1XX + 2(|u1|2 + |u2|2)u1 = 0, iu2T + u2XX + 2(|u1|2 + |u2|2)u2 = 0

by the transformations qi(x, t) = �−1exp
[
i
(
gx2 + f x +

∫ t

0 f 2 dt
)]

ui(X, T ), i = 1, 2.
Second, we have considered the inhomogeneous NLS equation with the damping term

iγ q. This equation can be viewed as a more general form of inhomogeneous NLS equation.
We have obtained an approximate bright soliton solution for such an equation and compared
the approximate solution with the exact results derived by numerical simulation. As shown in
figure 4, the approximate solution seems to reveal a satisfactory agreement with the numerical
solution.
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